Abstract-A hybrid approach to find the optical response of periodic photonic structures to incident light is presented. The approach is based on a scattering matrix combination of the Finite Element Method (FEM) and the Fourier Modal Method (FMM). Optical response calculations include: scattering in both reflection and transmission directions, absorption and electric and magnetic field distributions inside the structure. The approach is tested on a structure -composed of dielectric and metallic materials -that is periodic in one direction. An analysis of the calculation accuracy shows that the approach depends on the subdivision into FEM and FMM domains and that the optimal subdivision depends on the calculations frequency range as well as on the structure geometry. For testing, we use the commercial FEM solver contained in CST Microwave Studio and a based on C/C++ Fourier Modal Method implementation.
INTRODUCTION
There are many methods for solving electromagnetic problems: Finite Element Method (FEM) [1] , Fourier Modal Method (FMM) [2] [3] [4] , Multiple Multipole Program (MMP) [5] [6] [7] , Finite Difference Time Domain (FDTD) [8, 9] , Boundary Element Method (BEM) [10, 11] and others.
Among them, one of the most widely used ones is the FEM. This is an extremely flexible method used in many different areas, such as interaction of light with periodic gratings [12] , carrier transport (a) (b) Figure 1 . (a) Example of a periodic structure and (b) its FMM decomposition into layers which are homogeneous along the "Z" direction.
in semiconductors [13] , heat transfer [14] , acoustics [15] etc.. In the present work we investigate scattering of light by infinite periodic photonic structures (periodic in one or two dimensions in the plane perpendicular to "Z" axis in Figure 1 ). The incident light is directed from top to bottom (positive direction of "Z" axis). In the frame mentioned above, FEM has one considerable disadvantage in comparison with some other methods: the FEM simulation time grows super-linearly with the unit cell volume of the scattering structure. This occurs due to a linear growth of the number of degrees of freedom with the unit cell volume and the super-linear dependence of the simulation time from the number of degrees of freedom. Among the methods listed above FMM, MMP and BEM do not have this drawback. MMP and BEM are based on boundary discretization. Therefore, their simulation time depends on the size of the boundaries to be discretized. FMM, as indicated by its name, is based on the expansion of the electromagnetic field into Fourier harmonics which is favorable for periodic structures. It will be explained later that the biggest drawback of FMM is the necessity to divide the unit cell into layers cylindrical along "Z" axis † (see Figure 1 ). This leads to long FMM simulation times for "complicated" geometries (such as spherical objects) that must be approximated by many short cylindrical slices. However, a big advantage of FMM is that the simulation time for cylindrical sections within the unit cell does not depend on their volume. For example, if we stretch the unit cell in "Z" direction by a factor F , the FEM simulation time grows more than F times while the FMM simulation time remains almost the same.
These advantages and disadvantages of FEM and FMM methods lead to the natural idea of merging the two techniques in order to get rid of their drawbacks, i.e., "long sections" shall be modeled by FMM and "complicated geometries" by FEM. The hybridization of FMM and FEM can be achieved by the scattering matrix (S-matrix) approach. This is convenient for two main reasons: 1) The approach is universal and not limit to the combination of FEM and FMM, i.e., it could be used for almost any pair of methods, e.g., MMP and FEM, BEM and FEM.
2) The S-matrix is already a natural part of FMM and is computed automatically with every FMM calculation.
To test the concept of the hybrid approach, we used CST Microwave Studio for the FEM part and our own implementation of FMM based on C/C++. In order to compute the scattering matrix with CST Microwave Studio for the FEM part we use its Matlab interface and a matrix assembling script. In Section 2 we illustrate the advantages and disadvantages of the methods using a rather simple 2D example that is periodic in one direction. In Sections 3 and 4 a detailed analysis of the hybrid approach is given.
FMM AND FEM
The Fourier Modal Method in application to periodic structures is based on the decomposition of Maxwell equations into one-or twodimensional Fourier series. The dimensionality of the Fourier series depends on the number of periodic symmetries of the structure. In Figure 1 a photonic structure periodic in 2 directions is shown. The Fourier decompositions in this case should be done along "X" and "Y " directions, while the structure needs to be split into layers along the "Z" direction for the FMM analysis. Note that these layers are homogeneous in "Z" direction. Note also that both FEM and FMM work in frequency domain, i.e., no time analysis is required for combining FEM and FMM. Figure 1 shows incoming (a
The corresponding amplitudes are connected to each other through a scattering matrix: a
Here S is scattering matrix of the whole structure and S n a scattering matrix of the layer n ∈ [1, L] (number of layers: L = 3 in Figure 1 ).
Scattering matrices of individual layers S 1 -S L could be used to compute the scattering matrix S of the structure. One should be aware of the fact that the modes in Equations (1), (2) are vector quantities composed of two sets of Fourier harmonics corresponding to two light polarizations. Modes of incoming light, for example, are plane waves with k-vector components in "X" and "Y " directions defined by the corresponding Fourier order. To understand how modes that propagate inside the structure work (see Figure 1 on the right) one needs to start with the Fourier expansion of electric and magnetic fields ‡ :
Here G q x and G j y correspond to the structure periodicity (for example,
· n q where n q ∈ Z corresponds to periodic properties of mode number q along "X", where d x is the period in "X" direction), k x and k y are x and y components of the k-vector of the incident light. After substituting that into Maxwell equations one can get:
Here K x , K y and are matrices (K x , K y are composed of k-vector components of different Fourier harmonics and is composed of Fourier harmonics of the permittivity) and k 0 = ω c where ω is a frequency of the incident light. Since the medium is homogeneous in "Z" direction within each layer, the second derivative in Equation (5) will become −k 2 z where k z is a propagation constant in the "Z" direction (in the corresponding layer):
The mode amplitudes shown in Figure 1 (b) correspond to eigenmodes calculated from Equation (8) . Now, one has to find a connection between mode amplitudes and amplitudes of electric and magnetic field components. From Equation (8) we can find k z and the field components E x and E y of each mode. For obtaining the components of the magnetic field we can use the Maxwell equations:
Here Ψ is a matrix composed of eigenvectors found from Equation (8) . K z is a diagonal matrix that contains eigenvalues in the order corresponding to Ψ. The variable z is the distance along the "Z" axis between the plane where we calculate field amplitudes (E For each layer one can define and calculate a scattering matrices (for example, the matrix S 2 connecting (a all internal modes and leave only incoming and outcoming ones. It is more convenient to merge layers one by one: first merging the first and second layers than merge third with them and so on [16] . For structures containing elements that are not piecewise cylindrical such as the one in Figure 2 , FMM requires to split the structure into sufficiently thin layers (mostly to accomodate the shape of non-cylindrical elements). For a good performance, the number and thicknesses of the layers should be adjusted according to the shape and material dispersion of different elements of the structure. For example, metallic shapes may require more layers than the same shapes made of dielectric materials. If we need to describe a sphere by splitting it into layers, it is reasonable for a good FMM performance to split the sphere into layers with unequal thicknesses making them denser close to top and bottom of the sphere § . The Fourier Modal Method is fast for piecewise cylindrical structures with not many layers. For each layer the performance of the method depends very weakly on its thickness. The Finite Element Method is suitable for arbitrary geometries, but it is sensitive to the unit cell volume of a structure (thickness of each individual layer), i.e., it is inefficient for thick cylindrical layers. In Figure 2 three variants of solving the same structure are illustrated. Variant (a) is to solve the entire structure using FMM. This will cause a long computation time due to the non-cylindrical shape of the top part of the structure. Variant (b) is to solve the entire structure with FEM, which in its turn will cause long computation time of the bottom part of the structure because the FEM computation time is volume dependent. An improved solution is shown in Figure 2 with FMM and merging the two S-matrices. That will decrease computation time while preserving the accuracy of the simulation. Note that one may also have several "FEM" sections separated by several FMM sections.
For reasons of simplicity we now consider the relatively simple structure that is periodic in one dimension, shown in Figure 3 . Despite of its geometric simplicity, the structure has some features that cause numerical problems. The metallic half-circles on top of silicon tips have sharp edges and triple-points of metal-silicon-air contacts, which may cause significant FMM errors because of strong local fields. Calculations of spectra at normal light incidence for two polarizations (TE, where the electric field is perpendicular to the direction of the periodicity and TM, where the magnetic field is perpendicular to the direction of the periodicity) were performed for the whole structure with both FEM and FMM (i.e., the variants (a) and (b) illustrated in Figure 2 ). Results are shown in Figure 4 . As one can see, one has a rather good agreement for the TE case, whereas the TM case is more demanding and would require a finer FMM discretization.
For testing the hybrid approach we focus on the more problematic TM case. To make sure that FMM is responsible for the bad agreement in Figure 4 , spectra of the reflection of zero and first order modes are plotted for only the top gold part of the structure in Figure 5 . We see that the FMM solution has considerable oscillations in the TM polarizations in both reflection orders. These oscillations are due to the high field intensity near the edges of the semi-circles. It is difficult to avoid them even with relatively high order Fourier modes in FMM (91 modes were used for the calculations shown in Figures 4 and 5) .
In the following sections, the hybrid approach will be formulated (a) (b) Figure 4 . Comparison of pure FMM and FEM computations for the structure shown in Figure 3 for normal incidence. Zero-order mode reflection spectra are shown for (a) TE and (b) TM polarizations.
(a) (b) Figure 5 . The reflection spectra of golden semi-circles for the zero and first order modes for (a) TE and (b) TM polarizations.
and applied to the test structure (see Figure 3 ) with subsequent analysis of the accuracy. Before that, we should mention that: 1) all FMM calculations were performed for 91 modes, therefore the scattering matrix size was 364 × 364, 2) to accelerate FEM calculations only 52 modes in the S-matrix were actually calculated with FEM while the rest were filled with zeros (this was done to accelerate FEM computations, because the FEM accuracy does not depend on the number of modes), 3) each calculation was performed over 300 equidistant frequency points in the range between 0.5 and 4 eV.
CUTTING PLANE POSITIONS BETWEEN FEM AND FMM
To start model assembling with the hybrid approach one needs first to decide which regions are to be solved with FEM and which ones are to be calculated with FMM.
In Figure 6 a sample structure is shown. There are two regions which could be better solved with FEM: 1) between A2 and A3, 2) below A5. Cutting plane positions A1-A5 are the natural ones, they are located at jumps of material properties. If one would solve the whole structure with FMM, A1-A5 would be borders between different layers and the areas between A2 and A3 and below A5 would be further subdivided. A natural way to define regions for FEM would be to use for FEM section between A2 and A3 and one below A5. In general this is not an optimal decision in terms of accuracy of the hybrid approach. It will be shown in the next section that one can benefit from arbitrary cutting planes (B1-B3 in Figure 6 ). In this case, regions between B1 and B2 and below B3 will be solved with FEM. The optimal positions of B1-B3 depend on the material properties and excitation parameters, as we will demonstrate in the following. An example of the optimization of the cutting plane position is shown in the next section on the simple test case. 
HYBRID APPROACH
To implement the hybrid approach, one must be able to compute the scattering matrix with FEM. For this purpose we have used the Matlab interface of CST Microwave studio, which allows us to automatically calculate the optical response of the system for different modes of incident light (i.e., the FEM part S-matrix). A factor that has a considerable impact on the accuracy of these calculations is the position of the cutting planes that divide regions calculated by FEM and by FMM. The cutting plane positions should be chosen in such a way that the solution has a field that is as homogeneous as possible along all cutting planes. Although the field is not known before the simulations have been performed, one can make an analytical estimation or rough numerical simulation for the field profile. In the test example, we want to focus FEM calculations on the semi-circular part of the structure. Thus, only one cutting plane is required. There are two natural positions where one can place such a plane: right below the golden semi-circles and right below the silicon tips. One, however, can not be sure that any of these two "natural" positions will be optimal and one can assume that some position in between would be better. For this reason we investigate the dependence of the hybrid approach accuracy on the distance of the cutting plane form the semi-circles flat side (z c ). We performed calculations with the distance starting from 0 to 160 nm with 10 nm steps. The calculation error was estimated according to the equations below for the zero order reflection amplitude "A 0 " in relation to an accurate FEM reference solution "A 
Here we define several quantities describing the accuracy of the simulations: ∆R 0 (z c ) is the square error average over the frequency, R c 0 (z c ) is the position of the square error mass center on a frequency scale and R 0 (ω) is the error average over all z c values.
The distribution of R 0 over the frequency is shown in Figure 7 . The error curve has sharp peaks in the area from 0.5 to 2.5 eV, where One has to be careful with mode amplitudes in different software packages and make sure that they correspond to the same physical meaning. i.e., the Ψ matrices that define the relation between modes and field amplitudes should be the same in both FEM and FMM solvers. the structure has multiple resonances. We can see that the frequency mass center R c 0 of the error shifts with displacement of the cutting plane from lower to higher frequencies due to a shift in the electric field distributions. In Figure 8 it is shown that the electric field has a sharp jump on the metal-dielectric border at lower frequencies. This is caused by plasmon resonance. At higher frequencies resonances related to the periodicity come into play, shifting the biggest inhomogeneity in the field towards the border between the substrate and the silicon tips. That explains why we observe a R c 0 shift with changing z c . When the cutting plane is close to the metal-dielectric border we observe the biggest error for lower frequencies, because the field has sharp changes near the metal-dielectric contact at these frequencies.
To decide which position of the cutting plane gives the lowest error for the hybrid approach, we performed calculations of ∆R 0 over a broad frequency interval and overlapping 0.5 eV intervals ( Figure 9 ).
From Figure 9 we can see that the error has a minimal value for the cutting plane located close to the center of the silicon tip (z c = 80 nm). For positions closer to the border of the golden semi-circles the error grows at lower frequencies and if the cutting plane shifts toward the substrate, the error grows for higher frequencies. This observation is valid for the chosen frequency interval. For calculations from 0.5 to 1.0 eV only it is more reasonable to place the cutting plane close to the substrate. This means that the optimal position of the cutting plane depends on both the structure and the considered frequency range. Figure 10 shows a comparison of the hybrid approach calculations for the zero-mode reflection with FEM and FMM. The hybrid approach was calculated here with the cutting plane close to the middle of the silicon tips (which is optimal position as we found earlier). The hybrid approach reproduces results obtained with FEM ( Figure 10(b) ) and the accuracy is better than FMM alone (Figure 10(a) ). 
CONCLUSIONS
A hybrid FEM-FMM approach is described and applied to the simulation of a periodic structure with semi-circular gold structures on a grated silicon layer. The simulations revealed that the hybrid approach is more accurate than a pure FMM due to a better accuracy of FEM especially for the semi-circular structure parts. At the same time, the hybrid approach utilizes an advantage of FMM in calculations of bulky structures, which reduces the computation time. When sufficiently long cylindrical sections are presented.
To make a S-matrix connection between FEM and FMM, one has to derive a scattering matrix from the FEM simulations. This requires extended calculation time, but the scattering matrix of a layer only needs to be calculated once. After this the FEM S-matrix could be combined with various scattering matrices of the environment computed with FMM (or another numerical method). Choosing the position of cutting plane that divide FEM and FMM regions should be done in a way that the field along this plane is as homogeneous as possible. Finding optimal cutting plane position is demanding and depend also on a frequency interval of interest.
The proposed hybrid approach is universal and not limited to the use of FMM or FEM. It could be applied to any set of methods suitable for the calculation of scattering matrices. For instance, FMM with BEM or MMP, FEM with BEM or MMP etc.
